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Motivation: Why triangular prisms?

I Planar structures and waveguides.
I Unstructured meshing: too many tetrahedra.

I Structured meshing: very deformed tetrahedra.
I Structured meshing with hexahedra.
I Extrude from 2D meshings with triangles: triangular prismatic

elements.

I Triangular prismatic elements: a combination of hexahedra and
tetrahedra.

I Fewer unknowns.
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Motivation: Why another triangular prism?

I Other approaches:
I Volakis, 1997: tangential continuity.

I Graglia, 1998.
I Jiao, 2009: explicit orthogonalization.

I Systematic approach:
I Known space of functions.
I A priori definition of degrees of freedom as functionals.
I Basis functions as dual basis with respect to those degrees of

freedom.
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Goals

I Definition of the element.

I Implementation of the element in HOFEM (Higher Order Finite
Element Method).

I Verification of the element.

I Comparison with tetrahedra.
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I Finite element:
I Domain.

I Space of basis functions.
I Degrees of freedom.
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Space of Basis Functions

I Nédélec space of functions Rk .

Rk =
{
u ∈ (Pk)n; εku = 0

}
Rk ⊂ (Pk)n; (Pk−1)n ⊂ Rk

I Other definition:
Rk = (Pk−1)n ⊕ Sk

u ∈ Sk ⇔ r · u = 0; r = (x , y , z)

I Different approximation order in different directions.
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Space construction

I Tensor product between triangle and segment.

Pprism
k

= (Rk(T̂ )⊗ Pk(Î ))× (Pk(T̂ )⊗ Pk−1(Î ))

I Space dimension.

Dimensions Rk(T̂ ) Pk(Î ) Pk(T̂ ) Pk−1(Î ) Total

k (k + 2)k k + 1 (k+1)(k+2)
2 k —

k = 1 3 2 3 1 9
k = 2 8 3 6 2 36
k = 3 15 4 10 3 90
k = 4 24 5 15 4 180
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Space definition

I First order.

Pprism
1 ≡ Ni (i = 1, ..., 9) =


a

(i)
1 + a

(i)
2 z + C (i)y + D(i)yz

b
(i)
1 + b

(i)
2 z − C (i)x − D(i)xz

c
(i)
1 + c

(i)
2 x + c

(i)
3 y


I Second order.

Pprism
2 ≡ Ni (i = 1, ..., 36) =



a
(i)
1 + a

(i)
2 x + a

(i)
3 y + a

(i)
4 z + a

(i)
5 xz + a

(i)
6 yz + a

(i)
7 z2 + a

(i)
8 xz2 + ...

...+ a
(i)
9 yz2 + C (i)y2 + D(i)xy + E (i)y2z + F (i)xyz + G (i)y2z2 + H(i)xyz2

b
(i)
1 + b

(i)
2 x + b

(i)
3 y + b

(i)
4 z + b

(i)
5 xz + b

(i)
6 yz + b

(i)
7 z2 + b

(i)
8 xz2 + ...

...+ b
(i)
9 yz2 − C (i)xy − D(i)x2 − E (i)xyz − F (i)x2z − G (i)xyz2 − H(i)x2z2

c
(i)
1 + c

(i)
2 x + c

(i)
3 y + c

(i)
4 x2 + c

(i)
5 y2 + c

(i)
6 xy + c

(i)
7 z + c

(i)
8 xz + ...

...+ c
(i)
9 yz + c

(i)
10 x

2z + c
(i)
11 y

2z + c
(i)
12 xyz


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Definition of the degrees of freedom

I Edges.

g(u) =

∫
e

(u · τ̂ )q dl ,∀q ∈ P1(e)

I Triangular faces.

g(u) =

∫
ft

(u× n̂) · q ds,∀q ∈ P0(ft)

I Quadrangular faces.

g(u) =

∫
fq

(n̂× u) · q ds,∀q = (q1, q2); q1 ∈ Q0,1; q2 ∈ Q1,0

I Volume.

g(u) =

∫
v

u · q dV ,∀q ∈ P0(ft)
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