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Intro: Proposed bases

- Division into gradient and rotational spaces

ﬁ Ingelstrom, Par
A new set of H (curl)-conforming hierarchical basis functions for tetrahedral

meshes
IEEE Transactions on Microwave Theory and Techniques, 54(1): 106-114, 2006.
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- Planar structures
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Intro: Structured meshes

- Planar structures
- Waveguide sections
- Hybrid meshes
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Definition of finite element



Construction: finite element

- Domain
- Space of functions

- Degrees of freedom
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- Affine coordinates
¢j€[0,1], i:1,...,6

Z7¢3
¢ =1~ 1 J
¢s=1—¢n 5

T ® [ ®

Orientation embedded high order @@ 1 @D 4
shape functions for the exact ,') ------- @ 1T 77, m
sequence elements of all shapes @ 3 ’
Computers & Mathematics with ) @

applications, 70(4): 353-458, 2015. x, o1 = 3
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Construction: domain

- Affine coordinates

¢ €[0,1, i=1,...,5
r=1—¢2—¢3
¢s =1— ¢y

@ Fuentes, Federico; Keith, Brendan;
Demkowicz, Leszek; Nagaraj, Sriram
Orientation embedded high order
shape functions for the exact
sequence elements of all shapes
Computers & Mathematics with
applications, 70(4): 353-458, 2015.
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- Hexahedron

Wy ={Pp-1(lx) @ Pp(ly) ® Pp(lz)} x
{Pp(Ix) ® Pp—1(ly) ® Pp(Iz)} x
{Pp(lx) @ Pp(ly) @ Pp—1(l7)}
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- Triangular prism
Wy = {Rp(Txy) ® Pp(I2)} X {Pp(Txy) ® Pp—1(I2)}

Rp(Txy) = (Pp1)’ & Sp
Sp={we (Py)’ |w-r=0}

o

9/23



Construction: degrees of freedom

- Edges
ap(w) = (q°,w)e = [,q° - wde
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Construction: degrees of freedom

- Edges

- Triangular faces
ap(w) = (¢°,w)s = [.q° - wdf
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- Edges
- Triangular faces
- Rectangular faces

aS(w) = (¢°, w)s = /f GOWdf ¥aT € ({Pprp 2} x{Ppp1})
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Construction: degrees of freedom

- Edges
- Triangular faces

- Rectangular faces

- Volume
- Hexahedron

(%

Y(w) = (q",w), = / g’ wadH

Vq" € ({Pp-1,p-2,p-2} X {Pp-2,p—1,p-2} X {Pp—2p-2,p-1})
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- Edges
- Triangular faces
- Rectangular faces

- Volume
- Hexahedron
- Triangular prism

o) = [ qt) wap
P

Vq" € (Pp—2,p—2,0 X Pp—2,p—20 % {0})
vq"” € ({0} x {0} x {Pp, p,p-1}), P1+p2=p—3
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LV, =he e, Vp € H(Q)
2 Wy =W1o---aW, W, € H(curl,Q)
3. Wq :./2(1
b Wy = Ap ® VYV, p>1
5. Apply mpwy = 0 Vwg € Wy, g>p
© ap(w—mpw) =0 ap:as,a);,ag
©ap4(Wp) =0
o @) 1(Wp) =0

.
(i) = 0
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Construction: polynomials (i) Mo oes =™ UE
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- Whitney functions

@ (¢;, ij) wij = ¢1V¢/ d’ivd)j

- Legendre-based polynomials

p1(Bi8) = prj = 6 — &

(i, 8)) = ,,—qs, 3¢i¢; + ¢F

k(s §5) = Fajj = OF — 40idj + &

p3(¢i, 6)) = p ,,—<z>3 667 + 6067 — &7
k3(i, 95) = Kajj = &7 — 997 ¢) + 9Bid7 — &7
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Construction: polynomials (& ii)

- Useful relations when ¢; = 1— ¢;

iV éi = V(di9;)
K2,V & = V(idiprj) = P2(41) Vi
K3,V o = V(¢idipaii) = P3(¢1) V¢
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Construction: expansion factors

- Scalar expansion factors for V),

Ta(oi, ¢5) = {9idj}
T3(i, ¢5) = {T2(9i, #)), didjn,ij}
Tu(oi, 05) = {T3(0i, 8)), didjp2,ij}

- Vector expansion factors for A,

E5(9i, ¢) = Eo(i, ¢j)
E3(¢i, ¢) = {E2(¢i, ¢)), 52, }
24(9i, 9)) = {E3(9i, 9)), k3,70
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Space Basis functions

© Wy = dppyTmij, W € A Va PrP19i9j
" Wp = Vvp, Vp >1 Vs PrO1Didipr jj

Vi OrOIDiDjP2jj
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Construction: edge functions
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Construction: edge functions
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- Procedure
1. Build V'V, enforcing m, Vv, =0, qg>p
2. Build W, with tensor-products, wpwg = 0, q>p

3. Move dim(VYV),) functions from W, to separate spaces

- Example (i): face functions

V];; = ¢m{Tp(¢i7¢j)} X {Tp((zsf?’ ¢1)}

W) = ém ({Tp(¢1, 8))} X {Ep(drs d1)} ®
{To(dr, 1)} x {Ep(21595)})
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Construction: face and interior functions (& ii)

- Example (ii): second-order face functions

W = dmdidjdrdy

W5 = dmoidon
;) = gmorore;
m/;’ = Om®i®jP1,kTTkI
Wg = OmPrPIP1 N
v, = i} 4 ;™
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Mij = (w;, w;)y
M, = D;,'MD};", Dy ;i = /M;;
K,‘j = (V X Wi, V x Wj)v
Ko = D 'MD;", Dy;i = v/Kij

Prism M, Kp

Fuentes, [1] Proposed Fuentes, [1] Proposed

Order 2 730 1081 34 74
Order 3 3193 2095 71 91
Order 4 40780 11380 198 182
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Mij = (w;, w;)y
M, = D;,'MD};", Dy ;i = /M;;
K,‘j = (V X Wi, V x Wj)v
Ko = D 'MD;", Dy;i = v/Kij

Hexahedra M, Kp

Fuentes, [1] Proposed Fuentes, [1] Proposed

Order 2 527 2069 25 65
Order 3 527 2540 28 81
Order 4 4687 23183 92 214
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Results: condition number
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M,

Order 2 Order3 Order 4

Proposed
Without division in interior bases
Without division in interior and face bases
Without any division

2069 2540 23183
1515 1835 12443
687 1517 9898
527 783 9191
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Results: sparsity patterns

Stiffness matrix sparsity for order 2

L
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Results: sparsity patterns
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Mass matrix sparsity for order 2

[——Full space order 1
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Stiffness matrix sparsity for order 4
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Results: sparsity patterns

Mass matrix sparsity for order 4
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- Formulation
V X u 'V x E—R3eE=0

nxE=0 onoQ
(V X Wvur_1v x E)Q - k%(WﬂSI’E)Q =0
(K—R3M)v =0

- Relative error
[ — R?
9 0,anal 0,FEM

k2 ’

0,anal
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Results: convergence rates (& ii)
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100 Eigenvalue 1 for hexahedra

102 \\\

o Slope
. Order1 2.003
= 107
£ Order 2 4.002
% 10—8 —=—Hex - ol

—=—Hex - 02
= Hox 03 Order 3  6.004
1010k —Hex - 04
Order 4 8.019
1012k m
107" S
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Results: convergence rates (& ii) IR o= e
100 Eigenvalue 1 for prisms
1072F \
Slope
1o Bl
. - Order 1 1.996
g ——Pri - 04
2 10 Order 2 3.955
¥ Order3 5.985
Order 4 7.802
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- New set of basis functions for structured meshes

- Orthogonality through interpolation operator
- Division between gradient and rotational spaces

- Condition number in progress for hexahedra
- Validated with electromagnetic cavities
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- Complete space of basis functions

- Concerns with the assembly in hexahedra

- Generic procedure for obtaining interior functions
- Universal matrices with hierarchical scalar bases

- Compatibility of the whole family
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