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Basis functions
Introduction

Anisotropic Nédélec Curl-Conforming Prismatic Element
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Basis functions
Introduction

𝛁 × (𝛁 × 𝐄) − 𝜔2𝜇𝜀𝐄 = 𝐎

𝝅×
𝜏 (𝐄) = 𝟎, en ΓD

𝝅×
𝜏(𝜇−1

𝑟 (𝛁 × 𝐄)) = 𝟎, en ΓN

𝝅×
𝜏(𝜇−1

𝑟 (𝛁 × 𝐄)) − 𝛾W𝝅𝜏(𝐄) = 𝚿W, en ΓW

Find 𝐄 ∈ 𝐇0(curl,Ω) such as

(𝛁 × 𝐰, 𝜇−1
𝑟 𝛁 × 𝐄)

Ω
− 𝑘20(𝐰, 𝜀𝑟𝐄)

Ω
+

𝛾W⟨𝝅×
𝜏 (𝐰),𝝅×

𝜏 (𝐄)⟩
ΓW

= −⟨𝝅𝜏(𝐰),𝚿W⟩
ΓW

∀𝐰 ∈ 𝐇0(curl,Ω) .

(𝐰, 𝐯)
Ω

= ∫
Ω
𝐰∗ ⋅ 𝐯𝑑Ω,

⟨𝐰, 𝐯⟩
Γ

= ∫
Γ
𝐰∗ ⋅ 𝐯𝑑Γ,

𝝅𝜏(𝐰) = 𝐧̂ × (𝐰 × 𝐧̂) en Γ,
𝝅×
𝜏 (𝐰) = 𝐧̂ × 𝐰 en Γ,

𝐇0(curl,Ω) ∶= {𝐰 ∈ [𝐿2(Ω)]3 ∣∇ × 𝐰 ∈ [𝐿2(Ω)]3}
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Basis functions
Introduction

𝛁 × (𝛁 × 𝐄) − 𝜔2𝜇𝜀𝐄 = 𝐎

(𝛁 × 𝐰,𝜇−1
𝑟 𝛁 × 𝐄)

Ω
− 𝑘20(𝐰, 𝜀𝑟𝐄)

Ω
+

𝛾W⟨𝝅×
𝜏(𝐰),𝝅×

𝜏(𝐄)⟩
ΓW

= −⟨𝝅𝜏(𝐰),𝚿W⟩
ΓW

𝐄̃ =
𝑛

∑
𝑖

𝑔𝑖 ⋅ 𝐰𝑖(𝑥,𝑦, 𝑧) = 𝐠𝐰

𝐀𝐠 = 𝐛

Discretization

𝐴
(𝑒)
𝑖𝑗 = ∫

Ω𝑒

𝛁 × 𝐰𝑖 ⋅ 𝜇−1
𝑟 𝛁 × 𝐰𝑗𝑑Ω𝑒 + ∫

Ω𝑒

𝐰𝑖 ⋅ 𝜀𝑟𝐰𝑗𝑑Ω𝑒+

𝛾W ∫
Γ𝑒
𝝅×
𝜏 (𝐰𝑖) ⋅ 𝝅×

𝜏 (𝐰𝑗)𝑑Γ𝑒
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Mesh’s importance
Introduction

Anisotropic Nédélec Curl-Conforming Prismatic Element
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FE Classification
Introduction

𝐇(curl,Ω) ∶= {𝐰 ∈ [𝐿2(Ω)]3 ∣𝛁 × 𝐰 ∈ [𝐿2(Ω)]3}

Anisotropic Nédélec Curl-Conforming Prismatic Element

Angle-Right Curl-conforming basis functions:
Angle-Double-Right Mixed-order
Angle-Double-Right Full-order

𝐻1(Ω) ∶= {𝑣 ∈ 𝐿2(Ω) ∣𝛁𝑣 ∈ [𝐿2(Ω)]3}

∀ 𝑣𝑝 ∈ 𝐻1(Ω),𝛁𝑣𝑝+1 ∉ 𝐰𝑝

File Jean-Claude Nédélec. “Mixed Finite Elements in R3”. In: Numerische
Mathematik (1980)

File Jean-Claude Nédélec. “A New Family of Mixed Finite Elements in R3”. In:
Numerische Mathematik (1986)
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FE Classification
Introduction

𝐇(curl,Ω) ∶= {𝐰 ∈ [𝐿2(Ω)]3 ∣𝛁 × 𝐰 ∈ [𝐿2(Ω)]3}

Anisotropic Nédélec Curl-Conforming Prismatic Element

Angle-Right Curl-conforming basis functions:
Angle-Double-Right Interpolatory
Angle-Double-Right Hierarchical

𝒲𝑝 = span(𝐰𝑝)

𝐰𝑝−1 ⊂ 𝐰𝑝
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Why anisotropic?
Introduction

Anisotropic Nédélec Curl-Conforming Prismatic Element

File Adrian Amor-Martin, Luis E. Garcia-Castillo, and Daniel Garcia-Donoro.
“Second-Order Nédélec Curl-Conforming Prismatic Element for Computational
Electromagnetics”. In: IEEE Transactions on Antennas and Propagation (2016)

File Adrian Amor-Martin and Luis E. Garcia-Castillo. “Second-Order Nédélec
Curl-Conforming Hexahedral Element for Computational Electromagnetics”. In:
IEEE Transactions on Antennas and Propagation (2023)
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Why anisotropic?
Introduction

Anisotropic Nédélec Curl-Conforming Prismatic Element

Angle-Right Similar to spectral elements...

Angle-Right But with Nédélec’s mathematical properties.
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What is a Finite Element?
Basis functions

Angle-Right Finite Element
Angle-Double-Right Domain
Angle-Double-Right Space of functions
Angle-Double-Right Degrees of freedom

File Philippe G Ciarlet. “The Finite Element Method for Elliptic Problems”. In:
Classics in applied mathematics (2002)
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Domain
Basis functions
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(a) Triangular prism
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Construction of the second-order space of functions
Basis functions

Angle-Right Tensor product between triangle and segment.

𝒫𝑘 = (ℛ𝑘(𝑇̂) ⊗ 𝒫𝑘( ̂𝐼)) × (𝒫𝑘(𝑇̂) ⊗ 𝒫𝑘−1( ̂𝐼))

Angle-Right Space dimension.

Dimensions ℛ𝑘(𝑇̂) 𝒫𝑘( ̂𝐼) 𝒫𝑘(𝑇̂) 𝒫𝑘−1( ̂𝐼) Total

𝑘 (𝑘 + 2)𝑘 𝑘 + 1
(𝑘+1)(𝑘+2)

2
𝑘 —

𝑘 = 1 3 2 3 1 9

𝑘 = 2 8 3 6 2 36

𝑘 = 3 15 4 10 3 90

𝑘 = 4 24 5 15 4 180
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Construction of the anisotropic space of functions
Basis functions

Angle-Right Tensor product between 𝑘-th order triangle and 𝑘 − 1-th order segment.

𝒫𝑘,𝑘−1 = (ℛ𝑘(𝑇̂) ⊗ 𝒫𝑘−1( ̂𝐼)) × (𝒫𝑘(𝑇̂) ⊗ 𝒫𝑘−2( ̂𝐼))

Angle-Right Space dimension.

Dimensions ℛ𝑘(𝑇̂) 𝒫𝑘−1( ̂𝐼) 𝒫𝑘(𝑇̂) 𝒫𝑘−2( ̂𝐼) Total

𝑘 = 2 8 2 6 1 22
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Second-order space of functions
Basis functions

𝓟2 =

⎧{{{{{{{{
⎨{{{{{{{{⎩

𝑎
(𝑖)
1 + 𝑎

(𝑖)
2 𝜉 + 𝑎

(𝑖)
3 𝜂 + 𝑎

(𝑖)
4 𝜁 + 𝑎

(𝑖)
5 𝜉𝜁 + 𝑎

(𝑖)
6 𝜂𝜁 + 𝑎

(𝑖)
7 𝜁2 + 𝑎

(𝑖)
8 𝜉𝜁2+

𝑎
(𝑖)
9 𝜂𝜁2 + 𝐶(𝑖)𝜂2 + 𝐷(𝑖)𝜉𝜂 + 𝐸(𝑖)𝜂2𝜁 + 𝐹(𝑖)𝜉𝜂𝜁 + 𝐺(𝑖)𝜂2𝜁2 + 𝐻(𝑖)𝜉𝜂𝜁2

𝑏
(𝑖)
1 + 𝑏

(𝑖)
2 𝜉 + 𝑏

(𝑖)
3 𝜂 + 𝑏

(𝑖)
4 𝜁 + 𝑏

(𝑖)
5 𝜉𝜁 + 𝑏

(𝑖)
6 𝜂𝜁 + 𝑏

(𝑖)
7 𝜁2 + 𝑏

(𝑖)
8 𝜉𝜁2+

𝑏
(𝑖)
9 𝜂𝜁2 − 𝐶(𝑖)𝜉𝜂 − 𝐷(𝑖)𝜉2 − 𝐸(𝑖)𝜉𝜂𝜁 − 𝐹(𝑖)𝜉2𝜁 − 𝐺(𝑖)𝜉𝜂𝜁2 − 𝐻(𝑖)𝜉2𝜁2

𝑐
(𝑖)
1 + 𝑐

(𝑖)
2 𝜉 + 𝑐

(𝑖)
3 𝜂 + 𝑐

(𝑖)
4 𝜉2 + 𝑐

(𝑖)
5 𝜂2 + 𝑐

(𝑖)
6 𝜉𝜂 + 𝑐

(𝑖)
7 𝜁 + 𝑐

(𝑖)
8 𝜉𝜁+

𝑐
(𝑖)
9 𝜂𝜁 + 𝑐

(𝑖)
10𝜉

2𝜁 + 𝑐
(𝑖)
11𝜂

2𝜁 + 𝑐
(𝑖)
12𝜉𝜂𝜁

⎫}}}}}}}}
⎬}}}}}}}}⎭
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Anisotropic space of functions
Basis functions

𝓟2,1 =

⎧{{{{{{{
⎨{{{{{{{⎩

𝑎
(𝑖)
1 + 𝑎

(𝑖)
2 𝜉 + 𝑎

(𝑖)
3 𝜂 + 𝑎

(𝑖)
4 𝜁 + 𝑎

(𝑖)
5 𝜉𝜁 + 𝑎

(𝑖)
6 𝜂𝜁 + ...

... + 𝐶(𝑖)𝜂2 + 𝐷(𝑖)𝜉𝜂 + 𝐸(𝑖)𝜂2𝜁 + 𝐹(𝑖)𝜉𝜂𝜁

𝑏
(𝑖)
1 + 𝑏

(𝑖)
2 𝜉 + 𝑏

(𝑖)
3 𝜂 + 𝑏

(𝑖)
4 𝜁 + 𝑏

(𝑖)
5 𝜉𝜁 + 𝑏

(𝑖)
6 𝜂𝜁 + ...

... − 𝐶(𝑖)𝜉𝜂 − 𝐷(𝑖)𝜉2 − 𝐸(𝑖)𝜉𝜂𝜁 − 𝐹(𝑖)𝜉2𝜁

𝑐
(𝑖)
1 + 𝑐

(𝑖)
2 𝜉 + 𝑐

(𝑖)
3 𝜂 + 𝑐

(𝑖)
4 𝜉2 + 𝑐

(𝑖)
5 𝜂2 + 𝑐

(𝑖)
6 𝜉𝜂

⎫}}}}}}}
⎬}}}}}}}⎭
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Second-order DOFs
Basis functions

Angle-Right Edges,
𝑔(u) = ∫

𝑒
(u ⋅ 𝝉̂)𝑞𝑑𝑙, ∀𝑞 ∈ 𝑃1(𝑒).

Angle-Right Triangular faces,
𝑔(u) = ∫

𝑓𝑡
(u × n) ⋅ q𝑑𝑠, ∀q ∈ 𝒫0(𝑓𝑡).

Angle-Right Quadrilateral faces,

𝑔(u) = ∫
𝑓𝑞

(n × u) ⋅ q𝑑𝑠, ∀q = (𝑞1, 𝑞2); 𝑞1 ∈ 𝒬0,1; 𝑞2 ∈ 𝒬1,0.

Angle-Right Volume,
𝑔(u) = ∫

𝑣
u ⋅ q𝑑𝑉, ∀q ∈ 𝒫0.
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New DOFs
Basis functions

Angle-Right Horizontal edges (2 per edge),

𝑔(u) = ∫
𝑒
(u ⋅ 𝝉̂)𝑞𝑑𝑙, ∀ 𝑞 ∈ 𝑃1(𝑒).

Angle-Right Vertical edges (1 per edge),

𝑔(u) = ∫
𝑒
(u ⋅ 𝝉̂)𝑞𝑑𝑙, ∀ 𝑞 ∈ 𝑃0(𝑒).

Angle-Right Triangular faces (2 per face),

𝑔(u) = ∫
𝑓𝑡

(u × n) ⋅ q𝑑𝑠, ∀q ∈ 𝒫0(𝑓𝑡).

Angle-Right Quadrilateral faces (1 per face),

𝑔(u) = ∫
𝑓𝑞

(n × u) ⋅ q𝑑𝑠, ∀q = (𝑞1, 0); 𝑞1 ∈ 𝒫0.
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Dual bases
Basis functions

Angle-Right Dual bases using the polynomials that compose the space,

𝑔𝑖(𝐰𝐣) = 𝛿𝑖𝑗 → 𝐠𝐜 = 𝕀.

⎧{{
⎨{{⎩

𝑎
(𝑖)
1 𝑔𝑖([1, 0, 0]) + … + 𝐷(𝑖)𝑔𝑖([𝜉𝜂, 𝜉2, 0]) + … + 𝑐

(𝑖)
12𝑔𝑖([0, 0, 𝜉𝜂𝜁]) = 1

𝑎
(𝑗)
1 𝑔𝑖([1, 0, 0]) + 𝑎

(𝑗)
2 𝑔𝑖([𝜉, 0, 0])0 + … + 𝑐

(𝑗)
12 𝑔𝑖([0, 0, 𝜉𝜂𝜁]) = 0

𝑎
(𝑖)
1 𝑔𝑗([1, 0, 0]) + … + 𝑏

(𝑖)
4 ([0, 𝜁, 0]) + … + 𝑐

(𝑖)
12𝑔𝑗([0, 0, 𝜉𝜂𝜁]) = 0
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Distribution of DOFs
Basis functions
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(a) Second-order prism
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(b) New prism
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𝑞 discretization
Basis functions

DOF 𝑞 DOF q
1, 7 1 − 𝜉 16, 18 𝝃

2, 8 𝜉 17, 19 𝜼

3, 9 𝜉 20, 21, 22 𝜻

4, 10 𝜂 — —
5, 11 𝜂 — —
6, 12 1 − 𝜂 — —

13, 14, 15 1 — —
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Results

1 Introduction

2 Basis functions

3 Results
One-element tests
Verification

4 Conclusions
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Involved matrices
Results

Angle-Right Mass matrix 𝑀
𝑀𝑖𝑗 = ∫

Ω
w𝑖 ⋅ w𝑗𝑑Ω

Angle-Right Stiffness matrix 𝐾
𝐾𝑖𝑗 = ∫

Ω
(𝛁 × w𝑖) ⋅ (𝛁 × w𝑗)𝑑Ω



3.
Re

su
lts

—
A
.A

m
or

M
ar
tín

et
al

—
C
M
M
SE

20
25

19/35

Tests on the reference element
Results

Angle-Right Mass matrix is positive definite.
Angle-Right Stiffness matrix is positive semi-definite:

Angle-Double-Right #(𝜆 = 0) = size (𝐻1(Ω)) − 1

Angle-Double-Right Tensor-product: size (𝐻1(Ω)) = 12.

Angle-Right Extended matrix has 22 null eigenvalues.

𝑀extended = [ 𝑀polynomials 𝑀polynomials-bases
𝑀bases-polynomials 𝑀bases

]
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Condition number
Results

𝑀𝑝 = 𝐷−1
𝑀 𝑀𝐷−1

𝑀 , 𝐷𝑀,𝑖𝑖 = √𝑀𝑖𝑖

𝐾𝑝 = 𝐷−1
𝐾 𝐾𝐷−1

𝐾 , 𝐷𝐾,𝑖𝑖 = √𝐾𝑖𝑖
𝑀𝑝 𝐾𝑝

New prism 55 25
Prism 𝑝 = 1 9 5
Prism 𝑝 = 2 82 44
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Method of Manufactured Solutions

FEM solver

Energy error

File Adrian Amor-Martin, Luis E. Garcia-Castillo, Laszlo L. Toth, Oliver Floch, and
Romanus Dyczij-Edlinger. “A Rigorous Code Verification Process of the Domain
Decomposition Method in a Finite Element Method For Electromagnetics”. In:
IEEE Transactions on Antennas and Propagation (2024)
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Monomials test
Results

Monomial 𝜍 𝜍∇ Monomial 𝜍 𝜍∇

[1, 0, 0] 1.1𝑒 − 15 6.3𝑒 − 15 [𝑦𝑧, 0, 0] 1.1𝑒 − 15 1.9𝑒 − 15

[0, 1, 0] 1.0𝑒 − 15 6.2𝑒 − 15 [0, 𝑥𝑧, 0] 1.3𝑒 − 15 2.1𝑒 − 15

[𝑥, 0, 0] 9.7𝑒 − 16 1.5𝑒 − 15 [0,𝑦𝑧, 0] 1.3𝑒 − 15 2.8𝑒 − 15

[𝑦, 0, 0] 1.3𝑒 − 15 2.9𝑒 − 15 [−𝑥𝑦𝑧, 𝑥2𝑧, 0] 1.8𝑒 − 15 2.6𝑒 − 15

[0, 𝑥, 0] 1.8𝑒 − 15 3.6𝑒 − 15 [𝑦2𝑧, −𝑥𝑦𝑧, 0] 1.7𝑒 − 15 2.5𝑒 − 15

[0,𝑦, 0] 9.7𝑒 − 16 1.7𝑒 − 15 [0, 0, 1] 4.3𝑒 − 16 1.9𝑒 − 15

[−𝑥𝑦, 𝑥2, 0] 2.4𝑒 − 15 3.7𝑒 − 15 [0, 0, 𝑥] 7.0𝑒 − 16 1.3𝑒 − 15

[𝑦2, −𝑥𝑦, 0] 2.5𝑒 − 15 3.8𝑒 − 15 [0, 0,𝑦] 7.3𝑒 − 16 1.3𝑒 − 15

[𝑧, 0, 0] 1.2𝑒 − 15 2.3𝑒 − 15 [0, 0, 𝑥𝑦] 1.0𝑒 − 15 1.9𝑒 − 15

[0, 𝑧, 0] 1.1𝑒 − 15 2.2𝑒 − 15 [0, 0, 𝑥2] 1.4𝑒 − 15 2.4𝑒 − 15

[𝑥𝑧, 0, 0] 1.2𝑒 − 15 2.7𝑒 − 15 [0, 0,𝑦2] 1.6𝑒 − 15 2.2𝑒 − 15
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Convergence: technical details (i)
Results

Case # Elem. Unkn. new prism Unkn. 𝑝 = 1 Unkn. 𝑝 = 2

1 16 98 34 172
2 64 604 192 1120
3 256 4184 1264 8032
4 1024 31024 9120 60736
5 4096 238688 69184 472192
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Convergence: technical details (ii)
Results

Angle-Right Smooth solution as manufactured
solution.

VMMS = Vpol𝑒
−𝑗𝑘0(kp⋅r),
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Convergence results (i)
Results

𝜃 = 0, Vpol = 𝜽̂
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Convergence results (ii)
Results

𝜃 = 𝜋

4
, Vpol = 𝜽̂
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Convergence results (iii)
Results

𝜃 = 𝜋

4
, Vpol = 𝝓̂
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Convergence results (iv)
Results

Superconvergence: 𝜃 = 𝜋

2
, Vpol = 𝜽̂
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Convergence results (v)
Results

𝜃 = 𝜋

2
, Vpol = 𝝓̂
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Curl Convergence results (i)
Results

𝜃 = 0, Vpol = 𝜽̂
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Curl Convergence results (ii)
Results

𝜃 = 𝜋

4
, Vpol = 𝜽̂
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Curl Convergence results (iii)
Results

𝜃 = 𝜋

4
, Vpol = 𝝓̂
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Curl Convergence results (iv)
Results

𝜃 = 𝜋

2
, Vpol = 𝜽̂



3.
Re

su
lts

—
A
.A

m
or

M
ar
tín

et
al

—
C
M
M
SE

20
25

34/35

Curl Convergence results (v)
Results

𝜃 = 𝜋

2
, Vpol = 𝝓̂
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Conclusions and future lines

Conclusions

Check Systematic approach for anisotropic Nédélec curl-conforming prismatic element.

Check Verification (MMS) and validation of the implementation.

Check Good condition number without orthogonalization strategies.

Check Convergence between uniform first and second-order elements.

Future lines

Check Comparison in terms of accuracy and performance with real problems.

Briefcase Extrusion of tetrahedral mesh.



Adrián Amor-Martín
CMMSE 2025
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