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Anisotropic Nédélec Curl-Conforming Prismatic Element
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Basis functions

Introduction

) ( Vx (VXE) — w?ueE =0 ) (Find Eec such as )
g TH(E) = 0, enTp N (V X W, 171V x E)Q — k2 (w, er)Q+
3 b (,ur_l(V % E)) =0, enTy YW<”§ (W)/TT?(E)>FW = —<7TT(W)/WW>FW
T‘lf \n;((ur_l(VxE))—yWnT(E) =W, en FWJ L Vwe.)
%

;? ( (w,v)Q = fﬂ w* - vd(), )

§ <w,v>r = fr w* -vdr,

| . (w) =fx(wxh) enT,

5 mi(w)=fhxwenT,

é kHo(curl,Q) ={we L3 |Vxwe [LZ(Q)]3})
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Basis functions

Introduction

Y

Discretization

Vx(VXE)—w?usE=0

<213

(V X W, U571V x E)Q - kg(w, er>Q+
Ag=bDb

Yw(miw), mi(E)) = —(m (w), Py)

T'w Tw

Ag?) = er Vxw; -tV x widQ, + fﬂe w; - &W;dQ.+

vw [ (W) - X (wj)dT,
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Mesh’s importance

Introduction

Anisotropic Nédélec Curl-Conforming Prismatic Element

CMMSE2025
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FE Classification

Introduction

H(curl, Q) :={w € [L,(Q)]3 |V xw € [L,(Q)]3}

Anisotropic Nedélec Curl-Conforming Prismatic Element

> Curl-conforming basis functions:
» Mixed-order
» Full-order

HY(Q) := {v € L(Q) | Vv € [L(Q)]?}
Vv, € HY(Q), Vv, 1 & W,

B Jecan-Claude Nédélec. “Mixed Finite Elements in R3”. In: Numerische
Mathematik (1980)

B Jcan-Claude Nédélec. “A New Family of Mixed Finite Elements in R3”. In:

Numerische Mathematik (1986) uedm
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FE Classification

Introduction

H(curl, Q) := {w € [L, ()]} |V x w € [L,(Q)]3}

Anisotropic Nédélec Curl-Conforming Prismatic Element

> Curl-conforming basis functions:

» Interpolatory
» Hierarchical

Wy = span(wy)

wp—l C Wp
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Why anisotropic?

Introduction

Anisotropic Nédélec Curl-Conforming Prismatic Element

BB Adrian Amor-Martin, Luis E. Garcia-Castillo, and Daniel Garcia-Donoro.
“Second-Order Nédélec Curl-Conforming Prismatic Element for Computational
Electromagnetics”. In: [EEE Transactions on Antennas and Propagation (2016)

B Adrian Amor-Martin and Luis E. Garcia-Castillo. “Second-Order Nédélec
Curl-Conforming Hexahedral Element for Computational Electromagnetics”. In:
IEEE Transactions on Antennas and Propagation (2023)
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Why anisotropic?

Introduction

Anisotropic Nédélec Curl-Conforming Prismatic Element

> Similar to spectral elements...
> But with Nédélec’s mathematical properties.
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What is a Finite Element?

Basis functions

> Finite Element
»> Domain
» Space of functions
» Degrees of freedom

[ Philippe G Ciarlet. “The Finite Element Method for Elliptic Problems”. In:
Classics in applied mathematics (2002)
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Domain

Basis functions
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Construction of the second-order space of functions

Basis functions

> Tensor product between triangle and segment.
Pe = (Rie(T) ® Pre(D)) x (Pie(T) ® Pie_1 (D))

> Space dimension.

Dimensions RK(T) P () P (T) Pr_1(I) | Total
k (k+2)k | k+1 | =222 k —
k=1 3 2 3 1 9
k=2 8 3 6 2 36
k=3 15 4 10 3 90
k=4 24 5 15 4 180
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Construction of the anisotropic space of functions

Basis functions

> Tensor product between k-th order triangle and k — 1-th order segment.
Prek-1 = (Ri(T) ® Pr_1 (D) x (P(T) ® Pre_2 (1)

> Space dimension.

Dimensions | R¥(T) | Pe_y (D) | P(T) | Pe_p(I) | Total

k=2 | 8 | 2 | 6 | 1 | 22|
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Second-order space of functions

Basis functions

a’ + "¢+ a’'n + a’ ¢+ a0 + alPng + aP 7% + aP e+

ag”ncz COn2 + DOén + EOn2¢ + FOL + 6 D22 + HOEn?

by + b€ + b5"n + "¢ + bV ¢ + be"nd + by ¢ + b £¢7+
b§Png? — cWgn — DWE2 — EDeng — FOE2L — GWEng? — HDE2(?
(l)

P>

+C2 €+c3 n+cy )€2+cé) 2+66)fT]+C (+68)§'Z+
$910 + c§082¢ + cfin?{ + cf9éng
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Anisotropic space of functions

Basis functions

aii) + a§i>§+ aéi)r) + af}i)( + qéi)f( + aéi)n( + ..
e+ CON2 + DD + EOn2¢ + FOENC

Poa =1 b +bPE+ b + bV + bPEC+ b + .
= €O = DOEZ — EDeng — P02

e + e €+ 5"+ e + e + e
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Second-order DOFs

Basis functions

> Edges,
g(w) = [ (u-9)qdl,Vq € Py(e).

> Triangular faces,
g(u) = fft<u x n) - qds,Vq € Po(fy).

> Quadrilateral faces,
g(u) = ff (nxu)-qds,Vaq =(q1,92);91 € Q0,1;92 € Q1,0-
q

> Volume,
gu) = fyu-qu,‘v’q e %.
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New DOFs

Basis functions

> Horizontal edges (2 per edge),

g(u) = [ (u-)qdl ¥ q € Py(e).
> Vertical edges (1 per edge),

g = [ (u-)qdl ¥ q € Re).
> Triangular faces (2 per face),

g = [ (uxn)-qds, ¥ a & R(f).

> Quadrilateral faces (1 per face),

gw = [ (nxuw)-ads,¥a=(q,0);q €.
q
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Dual bases

Basis functions

> Dual bases using the polynomials that compose the space,
gl(W]) = 6” — gCc = I.
a{ g;(11,0,0]) + ... + DD gy([§n,€2,0]) + ... + ¢}39;([0,0,én3]) = 1
a{” g;([1,0,01) + a’ g;([£,0,01)0 + ... + ¢{}) g;([0,0,&n¢]) = 0
a g;([1,0,0]) + ... + b§"([0,¢,01) + ... + ¢{3g;([0,0,1¢]) = 0
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(a) Second-order prism
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q discretization

Basis functions

| DOF [ q [ DOF |gq]
1,7 1-¢ 16,18 ¢
2,8 & 17,19 n
3,9 3 20,21,22 | ¢
4,10 n — —
5,11 n — —
6,12 1-7 — —
13,14,15 1 — —
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Results

CMMSE2025

3 Results
B One-element tests
W Verification
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Involved matrices

Results

> Mass matrix M
Mij = fﬂwi W]d.Q

> Stiffness matrix K
Kij = [ (Vxwp) - (Vxw;)dQ
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Tests on the reference element

Results
Lo}
o
q > Mass matrix is positive definite.
(]
= > Stiffness matrix is positive semi-definite:
© » #(1=0) = size (H*(Q)) — 1
' » Tensor-product: size (H1(Q)) = 12.
2 > Extended matrix has 22 null eigenvalues.
§ M _ Mpolynomials Mpolynomials»bases
1<) extended — ) M
E bases-polynomials bases
<
|
o3 ucdm
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Condition number

Results
5
(n — —
2 M, = Di;*MDy;*, Dy ;i = VM;;
(@]
| K, = Dg'KDg?', Dy ;i = VKj;
5 | My | K |
- New prism | 55 [ 25
= Prismp=1] 9 | 5
£ Prismp=2 | 82 | 44
<
|
ke
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20/35



1)
I
o
Ind
w
(%2}
=
=
O
|
©
o
©
=
T
©
=
=
o
=
<
<
|
£
3
0
/)
@
™

Method of Manufactured Solutions

u
Unis 1 : faivs FEM
e | 'V % ;(V xu) - kje,u=1f FEM solver '
/ dyivs ’
w byimvs
X nxu=d CMMS
> n x N:(V xu)=b
nxi(qu)Jrjlcu(nxnxu):c
7
—P Energy error <
S

B Adrian Amor-Martin, Luis E. Garcia-Castillo, Laszlo L. Toth, Oliver Floch, and
Romanus Dyczij-Edlinger. “A Rigorous Code Verification Process of the Domain
Decomposition Method in a Finite Element Method For Electromagnetics”. In:
IEEE Transactions on Antennas and Propagation (2024)
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Monomials test

| Monomial | ¢ v [ Monomial | ¢ v
[1,0,0] 1.1e— 15 | 6.3e — 15 [vz,0,0] 1.1e—15 | 1.9¢e — 15
[0,1,0] 1.0e — 15 | 6.2e — 15 [0,xz,0] 1.3e—15 | 2.1e— 15
[x,0,0] 9.7¢e — 16 | 1.5e — 15 [0,yz, 0] 1.3e—15 | 2.8 — 15
[y,0,0] 1.3e—15 | 2.9¢ - 15 [—xyz,xzz, 0] | 1.8e—15 | 2.6e — 15
[0,x,0] 1.8 — 15 | 3.6e — 15 | [y%z,—xyz, 0] | 1.7e — 15 | 2.5e — 15
[0,y,0] 9.7¢e —16 | 1.7e — 15 [0,0,1] 43e—16 | 1.9e — 15

[—xy,x?%,0] | 2.4e —15 | 3.7e — 15 [0,0,x] 7.0e —16 | 1.3e — 15
[y%,—xy,0] | 2.5e — 15 | 3.8e — 15 [0,0,y] 7.3e—16 | 1.3e — 15
[z,0,0] 1.2e — 15 | 2.3e — 15 [0,0,xy] 1.0e — 15 | 1.9¢ — 15
[0,2,0] 1l.1e—15 | 2.2e — 15 [0,0,x%] l.4e—15 | 2.4e — 15
[xz,0,0] 1.2e —15 | 2.7e — 15 [0,0,v?] 1.6e — 15 | 2.2e — 15

Results
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Convergence: technical details (i)

Results

| Case | #Elem. | Unkn. new prism | Unkn. p =1 [ Unkn. p =2

1 16 98 34 172

2 64 604 192 1120
3 256 4184 1264 8032
4 1024 31024 9120 60736
5 4096 238688 69184 472192
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Convergence: technical details (ii)

Results
A
IR
5 9
o~
4 0
S /
=
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' > Smooth solution as manufactured
o ! solution.
9 1
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Convergence results (i)

Results
6 = 0, Vp0| = 0
Convergence for different basis functions
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Convergence results (ii)

Results
Vs —
6 = Z N Vp0| = 0
10° Convergence for different basis functions
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Convergence results (iii)

Results
6=2V,=¢
=2 pol =
" Convergence for different basis functions
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Convergence results (iv)

Results
T —
Superconvergence: 6 = > Voo =6
10° Convergence for different basis functions
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3. Results

Convergence results (v)

Convergence for different basis functions
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3. Results
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Curl Convergence results (i)

Results
Convergence of the curl for different basis functions
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3. Results
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Curl Convergence results (ii)

Convergence of the curl for different basis functions

Results
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3. Results

T Y, —~
Z’ pol — ¢
10° Convergence of the curl for different basis functions
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Curl Convergence results (iii)

Results
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Curl Convergence results (iv)

Results
Vs —
6 = E, Vp0| = 0
Convergence of the curl for different basis functions
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3. Results

100 -

Curl Convergence results (v)

Convergence of the curl for different basis functions
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Conclusions and future lines

Conclusions

v/ Systematic approach for anisotropic Nédélec curl-conforming prismatic element.
v/ Verification (MMS) and validation of the implementation.

v/ Good condition number without orthogonalization strategies.

v/ Convergence between uniform first and second-order elements.

Future lines

v Comparison in terms of accuracy and performance with real problems.
& Extrusion of tetrahedral mesh.
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